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Fourier restriction norm method ,
$\mathrm{K}\mathrm{d}\mathrm{V}$ $L^{2}$ (T)
$\mathrm{K}\mathrm{d}\mathrm{V}$ $L^{2}$ ,
. Kenig-Ponce-Vega , $s>-1/2$
$H^{s}$ (T) ([9]).
, Goubet $\dot{L}^{2}(\mathrm{T})$ ,
$(1)-(2)$ $L^{2}$ ,
$H^{3}$ ([8]).
, , $\mathrm{K}\mathrm{d}\mathrm{V}$ $L^{2}$
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$\mathrm{K}\mathrm{d}\mathrm{V}$ $H^{j}(j\in \mathbb{Z},j\geq 0)$
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? , $s<0$ $s\geq 0$
?
.
THEOREM 2.1 We assume $0\geq s>-3/8$ and $u_{0}\in\dot{H}^{s}$ . Then, there
exist a semigroup $S(t)$ and maps $M_{1}$ and $M_{2}$ such that $S(t)u_{0}$ is the
unique solution of $(1)-(2)$ and
$S(t)u_{0}=M_{1}(t)u_{0}+M_{2}(t)u_{0}$ , $(3)$
$\sup_{t>T_{1}}||$M1 $(t)u_{0}||_{L^{2}}<K$ , (4)
and for $t>T_{1}$
$||$ M2 $(t)u_{0}||_{H^{\epsilon}}<K$ $\exp(-\gamma(t-T_{1}))$ (5)
where the constant $K$ depends only on $||$ f $||$ L2 and the constants $\gamma$ and
$T_{1}$ depends only on $||$f $||$ L2, $\gamma$ and $||$ u0 $||$H..
$M_{1}$ (t) compact mapping , $M_{2}(t)$ $H^{s}$ 0
. $S$ (t)asymptotically compact , [11]
Theorem 1.1.1 , $\dot{H}^{s}$ , $(1)-(2)$ $H^{s}$
$A$ , , $i^{2}$
. , $A$ $i^{2}$
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. $A’$ [8] $\dot{L}^{2}$ ,
, $A’$ $H^{3}$ ,
, $A’=A$ , corollary .
COROLLARY 2.1 Let $0\geq s>-3/8$ . Ihen, equations $(1)-(2)$ possess
a global attractor in $H^{s}$ , that is a compact subset. of $H^{3}$ .
REMARK 1 $f=0$ , $v=u\exp(\gamma t)$ ,
$(1)-(2)$
$\partial_{t}v+\partial_{x}^{3}v+.\frac{1}{2}\partial_{x}$ (v2) $\exp(-\gamma t)=0$ ,
$v(x, 0)=v0(x)=u_{0}(x)\in H^{s}(\mathrm{T})$ .
$\exp(-\gamma t)\leq 1$ , ,
KdV , [4] KdV
, $s\geq-1/2$ , $\epsilon$ >0
$||$v(t) $||$H$S\leq Ct^{1/2+\epsilon}||v_{0}||_{H^{s}}$
$\mathrm{r}$ ,
||u( $||_{H^{\epsilon}}\leq Ct^{1/2+\epsilon}$ exp $(-\gamma t)||u_{0}||_{H^{s}}$
, $A$ {0} .
, $f\neq 0$ , . ,
$f\neq 0$ $f=0$ , Theorem 2.1
, $f$ .
REMARK 2 , $\frac{1}{2}\partial_{x}(u^{2})$ , $f=0$
. (1) $D^{s}\exp(\gamma t)$
$\partial_{t}$ (Dsu $\exp(\gamma t)$ ) $+\partial_{x}^{3}(D^{s}u\exp(\gamma t))=0$ , (6)
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. , $D^{s}=F_{k}^{-1}(1+|k\mathrm{D}^{s}\mathcal{F}_{x}$ . (6) $D^{s}u\exp(\gamma t)$
$\mathrm{T}\cross[0, t]$ ,
$||$u(t) $||$ H$s=||$ u0 $||$H. $\exp(-\gamma t)$ .
. { , (5) $||M_{2}(t)u_{0}||_{H^{\epsilon}}$ decay rate
. , (5) optimal .
3 , apriori estimate ,
Theorem 2.1 . 4 5 apriori esfimate
. 6
. , ,
. , scaling multilinear




. , , “I-method” ,
Fourier multiplier operator “$\mathrm{I}$” .
$\phi$ : $\mathbb{R}-*\mathbb{R}$ .
$\phi(k)=\{|k|^{s}1$,, $|k||k|>2<1$






, $f$ $s<0$ ,
.
$||$ f $||$ H$s\leq||$I$f||_{L^{2}}\leq N^{-s}||f||_{H^{\delta}}$ . (7)
, $\hat{g_{1}}=\hat{f}|_{|k|<N},\hat{g_{2}}=\hat{f}|_{|k|>N}$ ,
1
$||$ g1 $||_{L}2\leq||$I$f||_{L^{2}}$ , $||$ g2 $||$H$s\leq 2^{-s}N^{s}||If||_{L^{2}}$ .
“
$\mathrm{I}$




$\mathrm{p}_{\mathrm{R}\mathrm{O}\mathrm{P}\mathrm{O}\mathrm{S}\mathrm{I}\mathrm{T}\mathrm{I}\mathrm{O}\mathrm{N}}3.1$ Let $0\geq s\geq-1/2,$ $T>0$ be given, $\epsilon>0$ be
sufficiently small and $u$ be a solution of $(1)-(2)$ on $t\in[0, T]$ . We
assum$e$ $N^{3(1-\epsilon)/4}\geq\gamma$ , $N^{\epsilon-}\geq C_{1}T$ and
$|$Fu0 $||$i$2+ \frac{1}{\gamma^{2}}||$ Ifl$|$ i2 $\exp(2\gamma T)\leq N^{3(1-\epsilon)/4}C_{2}$ , (8)
then we have
$||$ Iu(T) $||$ L2 $\exp(2\gamma T)\leq C_{3}(||Iu_{0}||_{L^{2}}^{2}+\frac{1}{\gamma^{2}}||If||_{L^{2}}^{2}\exp(2\gamma T))$ (9)
REMARK 3 Proposition $s\geq-1/2$
, (12) $N$
$3(1-\epsilon)/4$ , $s>$
$-3/8$ , (12) $N$
, . ( 4,5 )
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Proposition 3.1 , Proposi-
tion , Theorem 2.1 ,
(Proof of Theorem 2.1) $\epsilon$ $0<\epsilon<8s/3+1$ .
, $T_{1}>0$ .
$\exp(2\gamma T_{1})>||$u0 $||$B$\epsilon||$f $||_{L^{2}}^{-2} \max.\{\gamma^{-8s/3}$”, $(C_{1}T_{1})^{-2s/(\epsilon-)}$ ,
$((C_{2}/2)||u_{0}||_{H^{\epsilon}}^{-2})^{8s/(8s+3(1-\epsilon))},$ ($2\gamma^{-2}C_{2}^{-1}||$ f $||$ 12 $\exp(2\gamma$T$1)$ ) $-$8s/3(1-e) $\}$ ,
(10)
$-8s/3(1-\epsilon)<1$ $T_{1}$
, $T_{1}$ $||f||_{L^{2}}$ $\gamma$ $||u_{0}||_{H^{\epsilon}}$ . ,
$N= \max\{\gamma^{4/3(1-\epsilon)},$ $(C_{1}T_{1})^{1/(\epsilon-)}$ ,
$((C_{2}/2)||u_{0}||_{H^{s}}^{-2})^{-4/(8}s+3(1 -\epsilon))$ , $(2\gamma-2C\mathrm{i}1||f||\mathrm{i}2 \exp(2\gamma T_{1}))^{4/3(1-\epsilon)}\}$ .
(11)
,
$N^{3(1-\epsilon)/4}\geq\gamma$ , $N^{\epsilon-}\geq C_{1}T_{1}$ ,
$|$Ju0 $||$ j$2\leq N^{-2s}||u_{0}||_{H^{\mathit{8}}}^{2}=N^{3(1-\epsilon)/4}N^{-2s-3(1-\epsilon)/4}||u_{0}||_{H^{s}}^{2}\leq C_{2}N^{3(1-\epsilon)/4}/2$,
$\gamma^{-2}||If||_{L^{2}}^{2}\exp(2\gamma T_{1})\leq C_{2}N^{3(1-\epsilon)/4}/2$.
. , Proposition 3.1 ,
$||$u(T1) $||_{H^{\epsilon}}^{2}\leq||$ Iu(T1) $||$i$2<C3$ $(N^{-2s}||u_{0}||_{H^{\mathit{8}}}^{2}\exp(-2\gamma T_{1})+\gamma^{-2}||f||^{2})$ ,
. (10) (11)




. $K_{1}$ $||f||_{L^{2}}$ $\gamma$ .
$T_{2}>0$ , $u$ (T1) $(1)-(2)$ $[T_{1}, T_{1}+T_{2}]$
$K_{2}>0$ $t>0$
,
$K_{2} \exp(2\gamma t)>\max\{\gamma^{-8s/3(1-\epsilon)},$ $(C_{1}t)^{-2s/(\epsilon-)}$ ,
2 $(C_{2}^{-1}K_{1})^{-8s/3(1-\epsilon)},$ $2(\gamma^{-2}C2-1||f||\mathrm{i}2 \exp(2\gamma t))^{-8s/3}"-\epsilon)$ } $(12)$
, $-8s/3(1-\epsilon)<1$ , ,
$K_{2}$ $||f||_{L^{2}}$
$\gamma$ . $N^{-2s}=$
$K_{2}\exp(2\gamma T_{2})$ , (12) Proposition 3.1
,
$||$ Iu(7r $+$ ID $||_{L^{2}}^{2}\leq C_{3}$ ($N^{-2s}||u(T_{1})||_{H^{s}}^{2}\exp(-2\gamma T_{2})+\gamma^{-2}||$ f $||_{L^{2}}^{2}$ )
$<C3$ $(K_{1}K_{2}+\gamma^{-2}||f||_{L^{2}}^{2})<K_{3}$ ,
, $K_{3}$ $||f||_{L^{2}}$ $\gamma$
. $t>T_{1}$ $M_{1}(t)$ $M_{2}(t)$
$\overline{M_{1}(l)u}_{0}=\hat{S(t)u_{0}}|_{|k|<N}$ , $M_{2}\hat{(t)u}_{0}=\overline{S(t)u_{0}}|_{|k|>N}$ ,
. , $S(t)u_{0}=u(t)$ , $N=(K_{2}\exp(2\gamma(t-T_{1})))^{-1/2s}$
$\tau$ , $t>T_{1}$
$||$ M1 $(t)u\mathrm{o}||_{L^{2}}^{2}\leq||$ Iu(t) $||_{L^{2}}^{2}<K3,$
$||$ M2 $(t)u_{0}||_{H^{\epsilon}}^{2}\leq N^{2s}||Iu(t)||_{L^{2}}^{2}<$ K2-1K3 $\exp(-2\gamma(t-T_{1}))$
. $K= \max\{K_{3}^{1/2}, K_{2}^{-1/2}K_{3}^{1/2}\}$ ,
(4) (5) .
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4 Outline of the proof of apriori estimate
apriori estimate




$\partial_{t}Iu+\gamma Iu+\partial_{x}^{3}Iu+\frac{1}{2}\partial_{x}I(u^{2})=If$ , (13)
$Iu(x, 0)=Iu_{0}(x)\in\dot{L}^{2}(\mathrm{T})$ , (14)




(13)-(14) , $\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}4.1$ .
PROPOSITION 4.1 If $s\geq-1/2,$ the initial value problem (13)-(14) is
time locally well-posed for data $u0$ satisfying $Iu0\in\dot{L}^{2}$ (T) and I$f\in$
$\dot{L}^{2}(\mathrm{T})$ . Moreover, a unique solution exists on a time intemal $[0, \delta]$ with
the .lifetime
$\delta$ - $(||Iu_{0}||_{L^{2}}+||If||_{L^{2}}+\gamma)^{-\alpha}$ , $\alpha>0$
and the solution satisfies the estimates
$||$ Iu $||$ Y0 $(\mathrm{T}\cross[0, \delta])\sim<||$ Iu$0||L2+||$ I$f||_{L^{2}}$ ,
$\sup_{0\leq t\leq\delta}||$
Iu(t) $||L2\leq||$ Iu$\mathrm{o}||L2+||$ I$f||_{L^{2}}$ .
, $||||_{\mathrm{Y}^{0}}$ Fourier restriction norm ,
. $\mathrm{T}\cross \mathbb{R}$ $u=u$ (x, $t$ ) ,
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Fourier $\overline{v}$$(k, \tau)$ .
$\tilde{u}$(k, $\tau$) $= \int\int_{0}^{1}e^{-2\pi ikx}e^{-2\pi i\tau t}v(x, t)$ dxdt,
, $k\in \mathbb{Z},$ $\tau\in \mathbb{R}$ . $X_{s,b}$ .
$||$u $||$X$\epsilon$ ,b( $\mathrm{T}$ x $\mathbb{R}$) $=||\langle$k) $s$ ($\tau-4\pi^{2}$k
$3$ ) $b\overline{u}$(k, $\tau$ ) $||$ L2(dkd7).
[2], [9] $s>-1/2$ periodic $\mathrm{K}\mathrm{d}\mathrm{V}$ $X_{s,1/2+\epsilon}\text{ }$
, $s=-1/2$ , $s\geq-1/2$
, $\mathrm{Y}^{s}$ .
$||$u $||$Y$s=||$u $||$ X,,1/2 $+||\langle$k $\rangle$ s $\overline{u}$(k, $\tau$) $||$ L2 $(dk)L^{1}(d\tau)$ .
, $u\in \mathrm{Y}^{s}$ $u\in L_{t}^{\infty}H_{x}^{s}$ . ,
,
. $[t_{1}, t_{2}]$ , $X_{s,b}$ ( $\mathbb{T}\cross[$tl, $t_{2}]$ ) $\mathrm{Y}^{s}(\mathrm{T}\cross[t1,t2])$
.
$||u||_{X_{s,b}(?\mathrm{f}\mathrm{x}[t_{1},t_{2}])}= \inf\{ ||U||_{X_{s,b}} : U|_{\mathrm{t}\mathrm{f}\mathrm{x}[t_{1},t_{2}]}=u\}\text{ }$
$||u||_{\mathrm{Y}^{\mathit{8}}(’\mathrm{F}\mathrm{x}[t_{1},t_{2}])}= \inf${ $||U||_{Y^{s}}$ : U|T $[t_{1},t_{2}]=u$}.
. (13) $\mathrm{t}’-I$u
1
$Iu \partial_{t}Iu+\gamma IuIu+Iu\partial_{x}^{3}Iu+\frac{1}{2}Iu\partial_{x}I(u^{2})=IuIf$ ,
, .
$\frac{d}{dt}||Iu||^{2}+2\gamma||Iu||^{2}=-\int Iu\partial_{x}I$ (u2) $dx$
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$E(T)-E(0) \leq 2||If||\sup_{0\leq t\leq T}||$ Iu $|| \int_{0}^{T}\exp(2\gamma t)dt$
$\leq\frac{1}{2}\sup_{0\leq t\leq T}||$ Iu $||^{2} \exp(2\gamma T)+\frac{C}{\gamma^{2}}||If||^{2}\exp(2\gamma T)$
, (9) . , (15)
. , $\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}4.1$ $\mathrm{r}$
, $j$ $T=j\delta$ , $j$ ,





. (16) , $\mathrm{P}\mathrm{o}\mathrm{p}\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}4.1$ , $CN^{-1/2}||Iu_{0}||^{3}$
, $N$ ,
. , “$\mathrm{I}$” (7)
, $||Iu_{0}||\leq N^{-s}||u_{0}||$ , $N$




, $1/\delta$ $||Iu_{0}||$ , 1
, Proposition 4.1 $\alpha$
, scaling , , .
, $N^{-1/2}$ , , ,
$s>-3/8$ .
high order 1
5 high order approximation
$H^{s_{1}}$ , $a\geq s_{2}$ $H^{a}$
, $s_{1}>s\geq s_{2}$ $s$ , $H^{s}$
“I-method” , ,
, $s$ $s_{2}$ . , $\mathrm{K}\mathrm{d}\mathrm{V}$
, ,
, $s_{2}$ . , .
, .
DEFINITION 5.1 A $j$-multiplier is a function $M$ : $\mathbb{R}\vdasharrow \mathbb{C}$ . A j-
multiplier is symmelric if $M(k)=M(\sigma(k))$ for all $\sigma\in S_{nf}$ the group
of all permutations on $n$ objects. The symmetrization of a j-multiplier
$M$ is the multiplier






DEFINITION 5.2 A $j$-multiplier generates a $j$-linear functional or j-
$fom$ acting on $j$ functions $u_{1}$ , , $uj_{P}$
$\Lambda$
j $(M;u_{1}, , u_{j})$
$\cap \mathrm{c}$ , $k_{j})\hat{u_{1}}(k_{1})$ . .4(kj) $(dk_{1})_{\lambda}$ . $|$ . $(dk_{j-1})_{\lambda}$ .
$u_{1}=\cdot\cdot|1=u_{j}=u$ , $\Lambda_{j}$ (M; $u,$ $1|\mathrm{l}’ u$)
$\Lambda_{j}$ (M) $\mathrm{c}$ , $M$ symmetric ,
$\Lambda_{j}$ (M) symmetric $\mathrm{j}$-hnear functional .
$u$ , asymmetric j-linear
functional
. (13) Proposition .
PROPOSITION 5.1 Suppose $u$ satisfies (13) and that $M$ is a symmetric
$j$-multiplier. Ihen
$\frac{d}{dt}\Lambda_{j}(M)=-j\gamma\lambda^{-3}\Lambda j(M)+\Lambda$j $(M\alpha_{j})+j\lambda^{-3}\Lambda_{j}(M;u, . \mathrm{I}|’ u, f)$













$\frac{d}{dt}$E2(t) $=-2\gamma$A2 $(\sigma 2)+\Lambda_{2}(\sigma_{2}\alpha_{2})+2\Lambda_{2}(\sigma_{2};u, f)$
-iA3($\sigma_{2}$ (k1, $k_{2}+k_{3}$) $\{k_{2}+k_{3}\}$ ).
. symmetrize ,
$\frac{d}{dt}$E2 $(t)=-2\gamma$E2 $(t)+2\Lambda_{2}(\sigma_{2;}u, f)$





symmetric 3-multiplier $\sigma$3 ,
. (17) ,
$\frac{d}{dt}$E3(t) $=-2\gamma$E2 $(t)+\Lambda_{3}(M_{3})+2\Lambda_{2}(\sigma_{2};u, f)$
-3$\gamma$A3 $(\sigma 3)+$ A3 $(\sigma 3\alpha 3)+3\Lambda_{3}(\sigma 3; u, u, f)$




$\frac{d}{dt}$E3 $(t)=-2\gamma$E3(t) $+2\Lambda_{2}((72; u, f)$
(20)
$+3\Lambda_{3}(\sigma 3; u, u, f)+\Lambda_{4}(M_{4})$ ,
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. , $M_{4}=- \frac{3}{2}i[\sigma_{3}(k_{1}, k2, k_{3}+k_{4})\{k_{3}+k_{4}\}]_{sym}$ .
, (20) , , Schwartz
.
.
$| \int_{0}^{\delta}\Lambda$4(M4; $u_{1},$ $u_{2},$ $u_{3},$ $u_{4}$ ) $dt| \leq CN^{-1}\prod_{j=1}^{4}||Iuj||_{\mathrm{Y}^{0}}$ . (21)




“I-method” periodic $\mathrm{K}\mathrm{d}\mathrm{V}$ $s\geq-1/2$
.
$s>-3/8$ . , (19) $\sigma_{3}$






. Bourgain , [2] $\hat{u_{0}}(0)=$
$c\neq 0$ \^u(0) , $\hat{v}=\hat{u}-c=0$








, , $f\in\dot{H}^{a}$ $0>a\geq s$
. , $f=\delta’$ (
) , , $a$
-3/2 .
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